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THE GENERALIZED PRINCIPAL IDEAL THEOREM
IN IMAGINARY QUADRATIC FIELDS
WITH CLASS NUMBER 1
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In a paper of T. Tannaka (Tannaka [1]), he proved the generalized ideal
theorem due to him:

Th. 2. Let K be the ray class field mod. # of the algebraic number field k
and denote by ¥ (K/k) the module of genus (Geschlechtermodul) of
K/k. For every ideal ¢} prime to £ there exists an element # () &
K with the following properties:

1. # () gives a representation of € as a principal ideal mod. § of K:
g=CHen)) in K, #(2)=1 mod. § (K/[k). '

2 Letalfly=( Kt’.'-fﬁk } be the Artin automorphism and define the fac-

tor set e(0, £ by
P g (g @ €D
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Then e (&1, £) (which is obviously a unit =1 mod. ¥ (K/k) of K)
belongs to the ray mod. £ of the ground field k and is symmetric in £,
£
e (0, ¢) E K, ¢ (&, O)=e (&, £), ¢ (€0, 4-)=I mod. {

In case of an imaginary quadratic ground field, H. Kempfert constructed the
explicit expression for & (£}) with the property 1 in ray class field (Kempfert
[2] dand T.N. Hsii constructed the explicit expression with the property 2 in ab-
solute class field (Hsii [3] ). Here in this paper a method is given to construct
the function # (&7) with both the properties 1 and 2 in case that the absolute
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class number is one, using the result of Kempfert.
Let 3 =R(3/m) be the imaginary quadratic ground field and K=K thhf: ray

~class field mod. £. K is in the given case generated by the ray class invariant
T (), where f; is a ray class. The Artin Automorphism ¢(87)=o(# ) is defined by

o(O): TR (R R,
if o(f7) denotes the Artin Automorphism corresponds the ray class f of ¢} and
f¢ o any ray class, Let :r(ﬁl), n{ﬁﬂ}, ceny u'(ﬁn} be a basis of the Galois group of
K,-"E; with the orders f;, f,, ..., £, respectively. The subgroup generated by
-s{-ﬁgl}., e u(ﬁri_lj, m{ﬁhl}. . d(#;n) leaves a subfeld Ki fixed. The Gal-
ois group ¥, of K; with respect to % is isomorphic to the cyclic group generated
h}r'd(ﬁ .}.  According to the class field theory of Weber-Takagi (Hasse (4] ), K

is a class field of 3 to an ideal gronp H; , whose conductor (Fiihrer) #; is a factor
of £, the conductor of (K/Z).

K is the ray class field mod.  over 3, therefore the ray r={(d)|d=1
Mod. £} is the ideal group, to which K is the class field. The ideal group H,
can also be declared mod. {,andrEH must be true. Let A be the 1-:1'eal
group of all the ideals of 3 relative ]:Inml.'.' to #, the factor group A/H; is then
isomorphic to the group 9> i=1,2,. n.Takcaﬁrstordarﬂﬂpwmnldml‘%z
from fe; with h; relative pnme to 2::1#? where d denotes the field d:surumnant

.ufE then the classes uf‘ﬁj_] _]?El,ﬂér‘;:f lu:mH and H,
1=]=.I (13 .jr). Factorize the ideal £ into prime 1{1!.‘.&1 fan:.t{}rs :f.’-—]f‘ﬁ s and pick

© out :hﬂ“ﬁl::" of £, if a power of ¢, lies in H;. Thus we get an ideal :Fi= [ Tyt

and #; is the conductor of K,.
In the field Ki we can take the value of the function 6C%,) according to
Kempfert. The following holds for 0C%D

6CYD=1  mod. (KR,
0C3))=¢
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and

Is
?]"!{(gj 1y
ocyp =00%D, 1=0,1,..., f—L.

In K holds #(%f)=1 mod. § (K/Z), since F#(K[Z) is a factor of FIKJZ).

To construct the function #(fR) for any ideal €7, we make use of the fol-
lowing lemmas.

Lemma 1. If 6(¢3) € K has the property that #(e3)=1 mod. #(K[%) and
(g(tr) )=0n, then #(1)c is an element of K with the same property for every
¢ & § (KfZ), where § (K/Z) denotes the Galois group of K relative to S

Proof: .
acen)y = 1 - mod. F(K/Z),

d(tnye = 1. mod. #( (K{Z))q, -
(OCen)e)=(0(eL) Ya=Cla '

The module of genus §(K/X) is an invarianf ideal in K with respect to 37,
and € is a 3-ideal, hence (#(KbZ) )o=+(K/Z) and €}6=0), and it is proved
that :

-

a(n)e = 1 mod. #(K/[Z),
@(tn)ed = & in .

a1 (8o T
%) i i
_Lcmma 2, Let P be the norm of ‘gi, then r =Ei
. P.i
i

with E; a ray unit of 3.
Proof:
oCE) E K,
1+a( gi)h"'{-ﬁ{.‘giﬁ-l )
0C%) is the norm of 6(%,) to %, hence an element -
f.-1 _ -
of 3. (Cyp *SCHDT O CHTTY y _ o8y singe gyl oldrraC i
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= 1.mod. # (K/3) and is in %, acgi)‘*“f'*i}_‘"‘“‘*f*ﬁifi_]} =1 mod. £ and
lemma 2 is proved. '
Every ideal €} can be repmsﬂnhe& in one and only one way as
o= (O, oz <t
with & in the ray mod. £, Define

—1
ﬂ{m} —_ c{]‘-&(\gi} l"'d'(‘gi)+u-+ﬂ{‘girl )
1

then #(82) = 1 mod. f (K(Z) and (#(f1)) = €I. Now we. can prove the fol-

lowing
Theorem. The elements 6(¢7) of K just defined have both the properties 1

and 2 of theorem 2 of Tannaka, :
Proof. The property 1 is already proved. To prove that property 2 is also

ture, let
o = (a) '!",-Egri
H.Ild 1 3 . ﬂéri: si{fi
& = (B Wi
be two arbitrary ideals in X, and

=1
o) = w}rﬂ{gi}l*ﬁ(?i)h"m(‘g; i,
: T )
1

then (aB TP Y i represents &76 , and
. 1 . .
t.—1
6 (U6) = BT p]iT o ('gi)l +0(¥) Freee e (FT).
1 1 .
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o (01) =T o (%D,
1
6(4) =T o (%D,
o1
here

_ o o ()

. = -1 :
@ () +OCHD 40 CHT g (10 CED 40 CY7T OCHD

t.-1
« ﬂ -i-r;i wﬂ(wi)l-hﬂ'{wi}-l- ------ .|.u-( ‘ﬁ!i 1 J

“HTI'E{"ﬁ jh'“(g 'y ETRE m('faﬂ I)-I' r 1+ﬁ(”!£ r1+51 1)
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