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I‘HEOREMS ON THE ALLIED SERIES OF A FOURIER SERIES
AME Rz -2

By SHING-MENG LEE
2 H R
1. Introduction

During the last fifty years an enormous progress has beeh made in the deve-
lopment of the summability of a Fourier series and its allied series. The snmma-
bility of these series has occupied the time and energies uf some of the leading
mathematicians of the present century.

In this paper we shall prove two new theorems concerning the allied seriés of
a Fourier series. _ .

We assume that f(x) is integrable in the sense of Lebesgne and is pcrfnﬂic
with period 27. Let the Fourier series of f(x) be

-!-a¢+ E(a cnsnx+b sin nx) = % ¢
n=1 n=0 "

g0 that its allied series is

E(h cos nx —a_ sinnx)= 3] c. (13
n=1 ) n=] " :
- We write, for ¢ > -1, _
_ e_ 1 D a1, 1 2
*n _I’f r§ﬂ An-r -E IEBAI[-I‘ r’
- l n ac=1 -
tﬂ: ZT E Aﬂ-r rcr,
An r=1
where
s O . @ I‘[n+u+l) n®
i S top Ay = n+l)[‘(a+l) Tlatly
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The series X, is said to be absolutely summable ( c,@) or summable |ce,

where « = 0, if the series T ‘ gn"‘__'gn‘fi ‘ converges. The sequence Sh iz also
said to converge |c,a| to the limit lim a-l:x. We also write

q:r(ltjz F{f(x+t)+f(x—1t)},

W)= F{f(x+t)—f(x—1t)],
cand for t =0, :

a-1

@ (= (t u) ela)da (a>=>0)

I'{ }
@, (1) = @(t)
o (O =T(at+tDfT @ 1) (a=0).
We employ ¥ m{t}’ +u(i_:} with similar meanings.
In 1936 Bosanquet proved that* if ¢ “(t] is of bounded variation in (0,x),

then the Fourier series of f(t) is summable |c,8| at the point t=x where g>a>0.

With t-é:gard to the sequence n Eﬂ Chow proved thatt if @« =0 and ﬂ(t) i= of
bounded variation in (0,=), then the sequence n En converges (c,f) to 9 o 0
as n— oo for f§ >aor f=a according as ﬂgmflorc:z:l. Bosanquet
and Hyslop $tated, without proof, that, T if 4-(t) is of bounded variation in (0,7,
then the sequence n E“ converges |c,8| to E:rr-_l P (+0) for g > 1.

In this paper we shall prove the following

Theorem A. If a =10 md-.b- (t) is of bounded varigtion in (0,x), then the
sequence n G convérges [:;,ﬂ] For every B > et + 1.

Hardy and Littlewood proved that** if 1 <P <2 andj ¢! | @(t)-s | Pae

* Bosanguet (1).

+ Chow - (4).

# Bosanquet and Hyslop (3).
**Hardy and Littlewood (7).
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< oo, then the series 5 n-l Is; —35 |k is convergent for k=>p. In 1951 Chow
proved that Il urider the same hypothesis the series 3 n”) |an“ - sl Pis conver-

1 - '
gent for e =

We shall prove the following analogous theorem concerning the allied series.

Theorem B. If 1 <p<? mrt“| .;.-[t:.'|l’ dt< co, then the series 3 n ‘r °1 is

n—l
convergent, where o = 1/p.

2. Proof of Theorem A.

In order to simplify the proof of this theorem we first prove some results given
below as lemmas.

Lemma I. Lel Elf" and tr‘:f|E be the nth. Cesiro means of order @ > — 1 of
the sequences Sn=a0+al+ PR —I—an and t, =

Lo e o
th =0, =8

na , res pectively. Then

tn“'i"] — (ﬂ: + lj(snﬂ: _ Snﬂ‘l—l).

This lemma is well known.*
Let @ > -1, We write

6% = 651 = (3 An"‘*’ '{‘rl cos rt )
[ 4 14 of &
H*=H*Y=G6% - ¢%.

Lemma 2. If a > 1and k is a positive integer or zero, thent

Il Chow (5).

* E. Kughet]iautz (M.

+ A is a constant, which is independent of n -and t, but not ncmanly the
same one each time it occurs.
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< An*! (0 <t< =) )
c L)k || < A kel A ct<mk>an @
< A n 2kl {;% <t<mk<a-2). (4)
Proof. By Lemma 1 we have

& _ oo & _ a&.~al ~a
Hy' = 6y = Gp = 3Gy~ G

@ [ on AT T vam - AT v |,

o asTLZmra) () "2 e

n A:-] re 1 () (a-1)

a rec-n ﬁﬁ 2k ms(rt + -—Z},

where k is any _pﬂsitivc integctr. It full-::-m that

. < &n_“{12.[n+a_]t::a—l} ! A“f* + z ‘ {nmrﬁ:c—l'} |A“‘2}
< An7,
Ta-mn k., a2

| Go'a | < an™ 3 1@?@?

n
< An® % (n- 1'}5‘g Arﬁ-ﬂﬂ A okl

r=1
Hence (2) is true:
Now,
N
Hn _Gn Gﬂ-l
_ a-2sin(r+ 40t 1 ac—2 siﬁ{r-r;w})t
3 An 1-r 3 sin (t/2)

Auﬂ:r 0 BT 2sin (tf2) A

. t Im[ 3 Aa:-i d(r-m}}t] + B - “EI Ar_ -—m{n—-raa}}t,
{zsm—m r= _;,An “@ =0 _

I
B
I
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. # it n . .

_ 1 Il e m[eT.'-chT] s A?—ﬂgﬂt 3 e__'":" Fa 5 ﬁtx-E lrt 1—']
(2sin-)A% | r=0 " r=0 *

. a-

u_ﬁxm[m -int En ﬁ“"ﬂ ity [ il ”nzl Ar‘-‘“ﬂéﬂ]_ﬂi

r=0 * &

= 2A

(2 sm—— )nﬁ. “

Let p(nt)= 3 x"‘l ¢P. Then
p=0

n . n p .
)= -1 1(11 pot _ a-2 i{n-m)t
plant= EﬁAn_p * A“'.’P' mi{] e. o

g -2 el(n-p)r.___' ci('m-l ot
p=0 Pt
1 n ﬁ“_ Pt I(ﬂ-l-l)tﬂu__i
!-e p=0 P ] —.et
=' 1 n+l ﬁm—ﬂ ipt__ ¢1Cn+])t -1
it P‘U i 1— k:lt n+l
' i(n+l)t
— pla-1,n+1, ) — 2 YLy
[ - el ] — it o+l
Repeating this process, we obtain
a-r
g:-{c:,n,t)——]l— @la-s, n+s, t)— E Aper ()t
(1-¢ye I—elt)r :
where s is a positive integer. ' e
Hence : '
m—ﬂ
. H‘;;:=L m[m mtq:{cr-l n t]]+ Im[ -iln~ }Fq:-{v:r—l n-1 I:]l]— _
A% (2 sin— )nﬂ oA @

n : “*n
=H+ H2+.H3j say.
We choose 3 > a—1. Then
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. . =i .t' 8 a-r—1 i
Hlm 1 1€ T - pla-s-1,n4s, t)—i 3 .L_
- G- =1 (el
, a-r-1 _irt
IO S SN SR B et N
"‘ (1 c‘t}“' (l eltys p=nts+l P r=1 (1-eM’
~i{n-4)t : 5 Al 1{r-}}
HE"__ d Im[_'3 — @ |a-s-1,n+s-1,t) — = ntr-1°
(2 sin %]uaﬂ“- (1—e'tP =1 (1=t
B S o ATl b

- . _ A::;s-ﬂ ipt_ E n+r-1°%
(@singpnA " ~(1- —eiy®l (1 _l%S penss rel  (1-eltyf

Itismymdﬁduocthat,for%{tirandkzﬂ,

d .k
Gy
I dt (l_el.t}

d .k | ~(r+k+1)
G — | < At :
| Gsin ) (l-e"}rl -

1|2 act

chm,f‘or%fztgn,wehavt

' Cg
| H, 1£ An®eotl g s qas-l ) oy par-ler
-1
< Al pan T 4 A o ey ],

i H, l < AT % L A T ) + Aty a ey

< An % an ey S An ),

If ¢ < 2, then
I H, 1 <An ~Fe L gp el yamsel g el g a2
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I H, I < An %t JSince s>a—1.
If @ > 2, then
H, | < An 2 oy @24 an %0 L)+ p A n 2]

< An 2 )™ 2 A A ) 2 An R e A a2,

H, [< An 4L,

It follows that

o< iy |+ Hy |+ By < An ey ane e o ane

gﬂn_“t_“”l
if @ < 2% and | - \
g < oy |+ < A2
< An % -1 '
if @ = 2. - .

Thus (3) and (4) are true when k = 0.

The series which is obtained by differentiating term by term the series
p> ﬁ“-s-‘? 10E | fimes is absolutely convergent if ¢—s—2+k <-1ors > « +k
—L Gum&qumt]y, if s and k are pcmtwe mtege.ra such that 5 > a + k — 1, thEn

AZ-8=21(p-n)t

ad .k, ¢ int E = P
{A‘i £Ei} Hl = ( t) (1- c:.t)nc—l i + (-:1!;jl p-nfe—-bl (1_git}5
a-r-1_irt ’
+ .
L o R R
iln- 3t AT -2 :(p m+ 4t

'&nu(a- ) Hyg |£ |(dt) l 2n |§ P‘H'Zm :J(l lt)s

sm%}{l-eit}‘“ !
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s A% —r-1 i(r- %)t
I(dtJ n+r-1 I—J4+J5+.}'ﬁ,say
r-l(ﬂm Y(1-¢%) )

Now, for % <t<
k k-m 1 o
_ d _ d.m -int
L] 3@ rne e |
k ~(k-mia-1)_m ~(k+a-1) K | m
<A I < At Z (not)
m={) m=0

g A t—(km-l}(nt}kf < Ankt-a-i-l_
ﬁnd‘:fkga— 2, then
§y < AT guplea? g ol
Shuilarly, we can deduce that, for m = 2, 3, 4, 5, 6,
J,< An kp-eet] (‘ll?'ﬁ’:tﬁn‘, k>a—2),
]mgcAna-Et-k-l {%-:: t<o, kS a—2).
Since
k.. a k
|dotme| < |dotm] + | dotm,|

(3) and (4) are ture for any positive integer k. The pru-uf is I:h!ls (:Dmp]ﬂtl:
Lemmp 3. Let o > 0. If‘l" (t) is of bounded variation in (0,y), where 30,
and ¥ (+I]) 0, then for almnsl all tin (Op) and for every g > a—1, we have

) &
A
(l:} = i )J- (t-u) dv (u)

Thia lemma is also known.*
Lemma 4. Let 0 <a<p— 1 <h-+ 1, where h=(a, and lst

j(n u)l I‘[l+]1 J‘{t-u)h-dd h+1 n‘E{_t)dt.

*L. 8. Bosanquet (2).
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Then, for l]c:fu-::r,

= An“_l
|J(-n,u) I {E An”_ﬂu_"g+l.

Proof. For u + n} < ,
' wen” 3
J(nu) = In + J‘u+n_1 = K + Ky, say.
Since
Aot Bty =0aMmin 1,ay Py

we have

-1
. a+n :

|k | < an"[ " @me min{1, (at) #*1}de

. u .

o+n .
< AqP miu{l,(nu)‘F*l}f ()% g
m

< An® min{1,(m)B*1} OBl

= O(®"!) min{1,Can) 1},
while

. . ) |
-h d-h+tl. B8 |

K, = An% G H Fiodt (u4n <E<x)

2 . '[ u+11_] dt n

= 0™ o™y min{1, (owy BN
= O@*™!) min{1, (aw) F*1.
Hence the lemma follows.

Lemma 5. Let 0 << fB—1<h+ 1, where h = [a], and let.

1 % ad
V(ﬂ:'-l) = m[ﬂ vV I J(n,v)dv.

If %'(tj is of bounded variation in (0,x), then

— 2@ Pt = 0P+ DMy Vo + O [ Ve .

—_— i
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Proof. Since

nEn=2_z.“I: +(t)sin nt dt=—%‘|‘: -p(t)(g—'.;)cus nt de

we have
=2 J’ ﬂu-(t)ﬁ G Poat,
inﬂ it f =2 j v H P e
Now, on integration by parts, B
h _ : T T .

I "'(":’.Tt Hn‘e(t}dt—[j.l(—] e I‘Pn{t)(g-—t)pﬂg{t}]d—f—{—l}hjﬂTh(t:)[g- B,
Also, | '

h+l ]1.,.

g o 8 erdtm I pBeonds [ ceoa @y (o)
[ T mod= mj G o f e av,

(l+h-a::| _[ dw {u)J- (t_u)h‘_d (dt}IHl Hﬂft)dt
= _f: J(n,u)d¥ fn)

~[r @I | - [ e @ o

Further, since -;-m{m) is finite,

[ oG Imda= s j vy & Jonmda

m:ﬁ['J' {ﬂ)_f- E—J(ﬂ.v)d }u P{ml),l- dur (n)J- v“d__f(n,v}dv

= ¥ IV ()~ I“ V() ).

e 10—
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Collecting our resalts, we have

-y - h ' £ w
._i;..(tnﬁ_ tnﬁ 1 }=[ﬂ_21(-11ﬂ-1 Tﬂ(t)(%:}ﬂ H P (t}]ﬂ +(-1 )h[v“{u} J{n,u}]u

) "
+DM g V) + D! [ Viwde . ()
0
Now :
| Gorafo |<ani? G<bn ®
| pPu fo | < antff, ™
Substituting (6) and (7) in (5) and applying Lemma 4, we obtain

ep = h-1 '
2@ -t = 3 0w o) 0w
k |

DM g, VD! [ Ve

| . |
= 0 A+ v @V o) + DM [ Vinw)de w.
: 0

Lemma 6. Let 0 < c¢ < §-1 < hsl, where h = (a). Then, for 0 < u < m,

= Ana*]ua (8)
|V ()| N (&)

and | '
V@m] < An*P, o

Proof. Let (t)= % (xr—t), so that "ﬁ"u(t)= i(r—%{_l.:l, andinﬂ=l

for every positive integer n.
By Lemme 5 we have

__m 3B_;8
0=—-2ctf-iFp

™o
=00 B+ (DM (V) +(D [ Vimwdi(w)
| - o 0

—_11 —
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' he
=0* B+ (- Vm + §L

e +1;.[ Viwde (11

"~ Now,

Ma+DV(nu)=u"Jnu) —a J-E vﬂi‘l Jn,v)dv

un
=u“0{n“'1]+f vl o hay
0

=0, ' aw
which is (8).
On the other hand,

Pla+ 1TV ()~ Vina = v [ v2 1 Jenwpdv
]
=\\‘.:]'|:11"":_ﬁr nﬂﬁa"l} + I dIrwnr'm:-lli]'I:::u"r'ﬂ e Jdv
n

=0(n% PutBHl) . a3
From (12) and (13) we have

1/
J- Vinu)du = I + I
1
= _[ %{n“‘lu"‘)dw J' " (V) +O® P B du
0 Ifn
=0@ ™) +(x— )V (na) +O ™ H) +0(™)

'=0(u“"*)+cx~7:)vcﬁ,r>- : . a5
1t follows from (11) and (14) that '
| V(nm)=0n" 5,
which is (10).
By {15}, we ﬂbtam
0% #)— V(n)=0@* Pa B+l

—_—12 —
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from which (9) follows, since g > a + 1. This ﬂump_lttm the proof of the lemma. .

Lemma 7% If o =0 and the sequence. s, comverges |c,ee|, then il conserges
|ed], for @ = e : ' ' ' o
Proof of Theorem A. It is sufficient to prove that

[ a] .
B B |_ .
rEl Itﬂ ‘n-1 I < o

We may suppose, without loss of generality, that 0 < & < g-1 < h+l, whare
h =[a].

Now

— %(f,f— 6P =00 Py (@) vinm)+-1b f: V(n,m)dv_ (1)

. # .
=06+ D [ Vimaddy, o)
And

5| Vinu)|= :é L0 ey x| o™ B FTy—ox1)+0(13

un _ n>=n
 uniformly in w, since §> a + 1.

Therefore

>3 [Enﬂ'—inft | < A Enﬂ_ﬂ-l; AS J' : |ﬁcn,u)| | dv (o) |
<A+ Aj': | | =] vc_n;u} |<a +Af:| o () |

w - _
Since J’ﬂ | 40 (o] is finice, it follows that 5] 8 — ¢ 8| converges.

~ *E. Kogbetliantz (9).
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3. Proof of Theorem B.

In .prmfing this theorem we need the following lemmas.
Lemma 8. Let () < a << 1 and

La{t}=;gﬂ;‘_l cos rt,
n° Fia —T
- AT =0
n
Then, for 0 < t<m,

LA =150 +k 10

where
1 a{:t}_‘ms:[(nmﬂ}lt—-awfﬂj
{2 sin £/2)
‘ Sriw|=om o<t
!'1 K %(t) i 0@ 't?)  (t>ax/n).
Proof. Since '

N .
€ o t o . o
An L11 —2 sm? rEi A am(-r i-'_}t-}—hn

= -2 sm— E A Eun{n-r- %)t+ﬂ
2. =1

it is evident that, for 0 < t < =/n,
d + _
|;ﬁLn ) ‘ =0(n).

Also

ﬂaLﬂ_RE{ E AEE =1 "‘l(r"n)t}

r=0
mRe{ A I [r—n}t}
(1-eH%  r=p+1 T

= 14 —
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=An“{1n“{t) +klf‘( t)}

where

1n‘3‘(:j= 1 Rc{ r.i“f }=nm[(n+c:f2’jt—mr,r'2]
A% la-e A2 sin t]2)*

and

1@t a2 it
A% e A% %
Gy o~ _ n n
‘d"n kl:l. (1) = RE{" it

1 ‘i’j“ _ Aﬂ-ﬁe-i{ r—n}t}'
I-e :

| a “c—it)E_Cl_E-it)ﬂ reme] T
We can easily deduce that, for t > =/n,

d

dt

Lemma 9.* If p> 1,k 1, F(t) X\ 0, and

LX) =o',

v ™
Fm= [ Fod G>D, Fom=[ Fod k<,

then

w k : w ._k
tF, P dt < (2P| )P de
[ P de < gl [, Faw
Lemma 107 171 < p< 2 and f(x) is integrable-LP, then the series
P P
= Ian| + an

n?P

is comvergent,

Proof of Theorem B. Leta = 1jp. Since

- (™ : N P
nnn—?-l.uqb(t) sin nt dt __'rfu¢(tjﬁ cos nt dt

*See Hardy, Littlewood and Pélya (8), p. 245.
18ee Hardy and Littlewood (6).

— 15—
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we have
—-tn—_[ WO LAt
_ x[n L L@
[, +O%L (t)dt+f Mt} Ztyde+ _[ Mt)m gt

=I, + I, + I, say.

By Lemmas & and 9 we have

I -
2 LU 4% n'“l’(f [(t) | de)P
n-] 1 n=1 '

T -].-'P v . . _F :
A d d
<Af v(juwml_t)
~1-p P
A t t t dt
< j: ron S
Fi 3 __1 F’
= A t et dt < o,
fﬂ ()]
Lp
g | ﬂ—g A z "‘Ptj [ (]2 ar)P
11-] =/ n-

< AVl dv(r [ ()€ 2de)P
0 v .

< A" e 1P P at
0

B
= A o q:'llﬂt)_ﬂ’ dt < oo,

Since, by Minkowski's inequality,
oo p1/p 5 o | 1. l/p
(EED " <as (S0

== 1R —
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 the theorem is proved if we can show that -
Lo
g 12P ..
n-1 o
Now

i
- 0 ~ 2 j
x(n (2 sin %)"‘

= e

(a4 ¥ [
I sin{ (n+—-jt
2 I &) 2 dt

. t a ar
Ca rf Mt}mgwlt(mg)t-—z ] @
A wn (2 sin )"

n+% J-:r "o sin[(m-g-] t‘%]
0

AL (2 sin 5%

X ow sin{(n+ 5 )t--22
+n+_fJ. ™o 2° 2
€ Jp

) dt
Al (2 ain%}“
a J"-"' ;Ht,‘“‘“%““"[(“*%)"% 4
—_—— t
A" (2 sin %)“"1

=M, +II|-:[2 +Mg, say.
By Lemmas 8 and 9 we have

s L%Ega 5 n~1-fa-p (_[ﬂ ’rut‘“lm}fdﬂp
n'-

n=1

(™ _~l+(a-Dp Vo p
Al d d
< Jo v(_[ﬂt [¥-(t)[dt)

<A : IHelp ekl e 1P ge

- A : 1 @®|P dt < o, (15)

-_ 17 —
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P 26
b |—|- < A E]n IﬂP{J' o dpP

n=1 win

T T
<A . v'““’*"dv(j gty [P
J v

<A ﬁ: HEPCE o P dt

™ -1
=A o t () |dt < oo, . (16)
Now
M| < A n"“'”mx]_[: h(t) % ne d]
where I
h(t) = ¥(8) fon (5 £ =%/ 2 sin )™,
Let

=——-I th) nt dt.

Then A% and B* are Fourier constants of functions which are integrable-LP. By

Lemma 10, we have

2 I-*"ln |P+|Bn |P

oo,
n-l n 2-p

Hence '

e | My P mlA !P+}Bn|l-"' :

o Rl LAY < = 3

n=1 n = ]'.I=] 1+{€¢—1:}P Ehad/ (i?}
since ap = 1. ' .

It follows from Minkowski’s inequality and (15), (16), (17) that
I
2P _

n-l] B

This completes the proof of the theorem.
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