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Covering Graphs

&
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ABSTRACT |

N. Biggs [1] pr(_)ve.d.that if G is a t-transitive graph, then there exists a
covering graph which is also t-transitive. In this paper, we extend this result to
local t-transitivity and to edge-transitivity. _

Let G be a graph, the group of graph-automorphism of G will be denoted by
aut(G). V(G) and E(G) denote the sets of vertices and edges of G, respectively. In
this paper, we assume that G is simple, that is, G has no multiple edges and no
loops. "'
| A graph G is ca‘llgd edge-transitive if for anyMtWo distinct edges'{ ul,_u2} ,
{v1 , Vo } € E(G), there exists a€ aut(G) such that « {u1 , Uy } = { Vi, v2} , t'hat
18, a (uy)=vy,x(uy)=vy ora (uy) = vy, au,) =v,. If t= 0 is an integer, we
define a t-arc of G to be a map v: { 0,1,.....,¢ } - V(G) such that v(i) is adjacent
to v(i+l), v(i)# v(i+1), for 0 < i <t and v(i)# v(it+2) for 0 <i <t — 1. For
simplicity, we write v; = 'v(i) and this t-arc by [v] = (vg, vy, . . . vi). If for any
- two t-arcs [v] = (vo, vy, . . ., v¢) and [w] = (wo, Wy ... ,wt)'of,G with vy =w,
there exists o € aut(G) such that « [v] = [w], then G is called Zocally t-transitive.
If for any two t-arcs of G there exists an automorphism of G mapping one to
the other, then G is called t-transitive. ,

If K is any group, G a graph and S(G) the set of all l-arcs of G, then a
funcition ¢ : S(G) = K satisfying ¢ (vy, v,) = (¢ (v3, v;) ) for any (v,, v,)
€ S(G), is called a K-chain on G. Now, let ¢ be a K-chain on G. We define a

LS

covering graph G= E}(K, ¢) by: . —_
V6)=K x V(G),

and B@ ={ {1, vi) (2, v2)} 10, v2) €SG), ka =k, 631, v3) | . Moreover,

if o e aut(G), Qe aut(K) and if there exists a group homomorphism f: aut(G)—~>
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aut(K) such that f(a) = @, then we deﬁne ‘th_e Split extension [K] aut(G) of K by
aut(G) as: | B

[K] aut(G) =K x aut(G),

with an operaton defined by:
(ky ,al) tky, o) = (k1 o, (ky), a;005), where o€ ant(K), 00 € aut(G)

k, ,k2 eK [K] aut(G) is then a group.
Let ¢ be a K-chain on a graph G, we define

cx(v‘1 ,Va) = (a(yl' ), a(vy) ), fof all o€ aut(G), -.

More, if &p=¢a for all e aut(G), we say that ¢ is a compatible K-chain. Bquival-

ently, the following diagram commutes:

S(G) ¢ K
| l ae aut (G) J ae aut (G)
sG) —2 > K

The relation between [K] aut(G) and aut(G) is:

Lemma IfGisa gr,aph‘., K a group and ¢ a compatible K-chain on G, then
[K] aut(G)=aut(G).

Proof. If ae aut(G), k € K, then (k o) € [K] aut(G). We shall show that
(k, a) is an automorphism on G For all (k’ V)€ V(G) we define |

k, o) k', v) = (kot(k ), o(v) ).

Then if { (ki, v1), k3, v2) } € E(G), we have (v, v2) € S(G) and kj = ki vy,
v, ), hence (k, @) ki, vi)= (kéuky), a(vy) )and k, @) (k,, V3)= (kack2), a(vz) ).
Thus we have ‘ T '
(U(MWLM%”=QWDENS@L
Q) k&(ks)=kakidp(v,,v2))
= ko(k{ YWy ,v2))
= kauk; (e (vy,v5) )
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: = kék; ) (a(vy), Ol(Vz))
hence { k, o) (kl vi), ((k,a) ¥, vy) } e E(G). It follows that (k o) € aut (©) and
[K] aut (G) = aut(G) QED. :

Let G be a graph. We deﬁne K to be the free Zz-module on E(G) and we.

define ¢ : S(G) -»K by
¢(V13Y2} {vlav2}

Then ¢ (Vy, V2) = ¢ (v, vy)= { Vi,V } Thus (o] (Vl,'Vz)‘IS(st Vi) =( {V15V } )?
= 1, hence (v, V,) = (¢(v2, vy) )''. This 1mp11es that ¢isa K-chain on G. Since

dovy, v2) = ¢ (o). o)) = { o), atv)} and &g 6y, v)=a{ v} =

{ 0(vy ), &(v,) } = { a(v,), a(v;) } ,¢a= &p. Thus ¢ is a compatlble K-cham on
G. From these statements, we get the main theorem

" Theorem Let G be a connected graph. a

) If G is t-tran81t1ve then there ex1sts a covermg graph G which is also

t-transitive.

*(2) If G is locally t-transitive, then there exists a covermg graph G Wthh is

also locally t-transitive.
(3) IfGis edge-transitive, then there exists a covering graph G which is also
edge-transitive. | o
Proof. We define K and ¢ as above, so that ¢ is a compatlble K—cham on G.
We let G = G(K ).

(1) If G is t-transitive, let ( (Ko, Vo), - . ., (K4, V¢) ) and ( (Ko, Vo), - - -, (K{,V4))-

and ( (ko, Vo), - - -, (ky, vp) ) be two t-arcs in G. Then (v, . . ., vp) and (v/, . ., v{)

are two -t-arcs in G. Since G i is t-transitive, there ex1sts o€ aut(G) such that a(vo -

. Vt) (vo, . . Vt) Put k*=k ' (oz(ko) ) 1 Then (k* Q) € [K] aut (G) By Lemma ’

(k* o) € aut(G) It is sufficient to show that
(k*, ) (kp, vi) = (K}, v))  for 1 <i<t.

We shall prove it by induction.

M If i=0, then (k*, &) (ko, Vo) = (k*ake), alvo) ) = (ko (@(ko) ) a(ko) |

,OI(Vo) )= (kg,vp).

EHR
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_ (ii) Assume that - Si=j— 1 Then (k*;, o) (k 1 Jl) (k -1 J1) and kJ 1— |
k*oz(kJ 1)- Since (k i J) is adjacent to (kJ 1> Yj- 1) and (k?, ’) is' adjacent to (
_]1) wegetk kjlqﬁ( v)andk k1¢( l,v)Thus

. kj=,kj-,l¢(vj'1’ ) k*Ol(k 1)¢( I,V)
= ko, 1)¢(a(v-;1), o))
= k*a(k] 1)0@( 1 VP
=k*adk; 1¢( _1-Y))) = k*adky).

Hence (k* a) ( i J) = (k', v) By the prmc1ple of induction, we get the requlred

result. :
Q) If. G is locally t—transmve let ( (ko, Vo ), R (kt, Vi) ) and ( (kq, Vo),
(kl, Vi) .., (Kt vp) ) be two t-arcs i in G. Then Vo, vy, . Vt) and (Vo, vi,.

Vt) are two t-arcs 1n G. Smce G is'locally t—transmve there exists ae aut (G) such

_ that oz(vo, Vl, Ce Vi) = (vo, Vi, .. Vt) Put k* k1 (a(k,)!). Then (k* oz)e[K]
- aut(G) and (k*, a)eaut(G) It is sufficient to show that

®, @) (k;, V) = (K, V) for 1 <i<t

Th1s can be proved by the same argument as in (1). Hence Gis locally t—trans1t1ve
3) IfGis edge-transitive, let { (ko, Vo), (ki, vl)} and ((ko, vo), (ki, vl)}
be two edgeé in G Then{ Vo, Vi } and {vo, Vl} are two edges in G. Since G

is edge transmve there ex1sts o€ aut(G) such that o { Vo, vl} .{_vo, Vi } . There

‘ are two cases:

(1) o (vo) = vo and a(vl )= In this case, by the same argument as in (1), _
we get (k*, o) (kl,v) (k v)for1 0 ,1.

(11) ovo)=v; and ofv])=v,. In this case. et k* =Ko (oz (k, ) ) 1 then (k* |
o) € [K] aut (G) and (K*, a)e aut(G) Thus (k*, &) (k;, v{) = (k*u ki), alvy)))
= (kg(@lky) )M aky), v6) = (ko vg) and (k*, @) (ko, Vo) = (K¥alko ), alvo) ) =
(k*a(ky), vl) But k0 ki¢(vy, vo)and K, =k, o(vo, V1), hence

ki = ko (vo, Vi) = k*a(k1 (Vo , V1)



(266 )

=k*2 (k)¢ (avy), alvp) )
= k{au(k, )ag(vy , vo)
=k*a(k;¢(vy, o))

= k*u(ky ).

EE

It follows that (k*, o) (kg, Vo) = (ky, v{). By (i) and (ii), G is edge-transitive.
QED. - | :

By Theorem, we see that if there exists at least one t-transitive (locally t-
transitive, edge-transitive) graph for any value of t, since there are ihﬁnftely many
covering graphs, there exist inﬁnitely many t-transitive (locally t-transitive, edge-

transitive) graphs.
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